STATO0008: Stochastic Processes

Lecture 8 - Mixing Times

Lecturer: Weichen Zhao Spring 2026
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E2. WSS Edry M ERIEE, BI(M, dry) 22— EEZHE .

NHEHBERATAIER I F) HE— a8, FEAIEHTE 2% Levin D A, Peres Y. Markov chains

and mixing times|M]. American Mathematical Soc., 2017. Section 4.1

Proposition 8.2 #&u,v e M, N

dTv l% Z |Mz - Vz = Z (,Mi - Vi)~
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Proposition 8.3 &Xu,v e M, N

e, v) = 5 sup {Z Pl =32 F(iw: il max| 1(0)|< 1} .
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Proposition 8.4 & u,v e M, N

drv(pt,v) = inf {P{X £ Y} : (X,Y) R phov 9484} .

Theorem 8.5 (WEEE) XPARTHIEAY, BARESH 7, MABKEE—NFH a €
(0,1) AR C >0, %43

max || P = x|, < Ca®.

Proof: iF#1EZ%: Levin D A, Peres Y. Markov chains and mixing times[M]. American
Mathematical Soc., 2017. Theorem 4.9 [ ]
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Proposition 8.6 (Dobrushin /) F4 & 4EEPHAP,; > 0, Vi,j, WALEFKO <

a<l, FEEuveM,
dTv<,uP I/P) oszV(,u, )

AR, ErAPHTESA, N
dTv(VPk,TI') < Oédev(V, 7T) < Oék, vk >0

Proof: IEHIEZ%: (MHMALERE), BRAE. 2EE, b KRB, 2023, @
i1.10.1 -

7= B Dobrushin #EW B ER P, > 0, Vi, j, HIXAZAFAETTCUBFAR, AW oy

Proposition 8.7 X PARTAIEA, nAPHIESH, NEETHK C >0, >0, 147
SR € M,
dry (pP*,w) < Ce ™ Yk > 0.

Proof: iEMiES % (MHAMHERE), BMRE. B8, LR R¥EH R, 2023, 4
551.10.2 n

7. Proposition 8.738: MARMYI A &, MarkoviE 1R ZS 7340 #OR ISR AN 4341
11 B SOE 2 A2 TR i -
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8.3 EAHtg
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TRE I TE, SRZIEMarkovi B9 P ARSI EE & o AT R MarkovEE 2R/ AT A
A S REL, AT MarkovBEFPIRASICRIFFES () F, BlP(x,y) = Py 7(x) = T
z,y € E. K ZH0d vt

Definition 8.8 GEABTE]) &R T 23 B Markovik { X, } W95 4R A P, RENH A,
& 3L 0 IRA BT 1] (Mizing Time) A

tmix(€) = min{t : d(t) < €}
A Fd(t) £ sup,e py drv(pPt, ).

B R AR R 2R A AR A (Spectral), 2 T SRIAT TR FH 1 7772: (Spectral Methods)%5 th
AT HE R AT I MarkovBEIR & 25 5 o T [ 41 HE — L850 T AT 10 R AL H B P 1S 1) i 7

Lemma 8.9 X PR X TrnT# a94A54E1%, N

(1) PHFIA R AEAENH RN < 15

(2) HEPATY), KMMAPOHFIEEHERF: 1> N > - >\, > —1, 2L )\ =1,
HXy < 1. BRAVERAF B BAAN 3 R a9 4542 B R & —4F e 2 (1,1, ..., 1)7KmR
89— 42 A] ;
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(4) RN XTI RE (QZ)Af;, j=1,2,...,n, A Aj L1, A
T(f;) £ file)w(z) =0
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Proof: iEHW 32 bR 43 HrHilbert 2 (B I AH DG IE AL, A % R %215 2% Roch S. Modern
discrete probability: An essential toolkit[M]. Cambridge University Press, 2024. Section
5.2.1 ]

Theorem 8.10 (P'RNIESD#E) RPRRT 48X TrvT ey 551, (N F{f;}_ %
B A AOR G HFAE AR IR E, KL >N > >\, > —1, ARA

v _ ij(m)fj(y)AE =1+ ij(x)f](y))\§

Proof: iE#Z# Levin D A, Peres Y. Markov chains and mixing times[M]. American Math-

ematical Soc., 2017. Lemma 12.2 [ ]

M PRI 73 il o] LU, P (e, o) WSS (y) IR 32 2 i AN R L S R RFEAE A2,
CLE PRI, FRATISE T 1 M A B (Spectral gap) 525 .

Definition 8.11 (i&FR) ZAEAIEMEGAFIEE AN, > - > N, L3FTER (absolute spectral
gap) & XA

H PN, = max{|\o|, | \a|}, HEFR (Spectral gap)® X H
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Theorem 8.12 X PR LAERAI, X FTrT#, T, = minggw(x), R AN THEEe >

0,
1 1
o Dlog | — ) < tun(e) <1 -1
(7, ) log <25) < tmix(e) < log )

Proof: 1IEFZ7% Roch S. Modern discrete probability: An essential toolkit[M]. Cambridge
University Press, 2024. Theorem 5.2.14 [ ]
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{15 & FIAE A0 N, Bl MetropolisBE, HS4 H-FIJE ) € 26.11, FMET — oo
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t=1

XA 7 VLR /& Markov Chain Monte Carlo /5y, {H & [ & BRA 45 R AT R, fEEEN
srir . FATA e BB UMCMCH A5 T (f) iR 22 S5iERE R T R

Theorem 8.13 X PAITHIEREH, X TFTrTiE, IRANTHEATe >0,
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Proof: iEB{Z7% Roch S. Modern discrete probability: An essential toolkit[M]. Cambridge
University Press, 2024. Theorem 5.2.27 [ ]



